Abstract. We prove an equidistribution result for certain families of L-functions attached to characters of the group of truncated "big" Witt vectors.
Introduction
We work over a finite field k = F q inside a fixed algebraic closure k, and fix an integer n ≥ 2. We form the k-algebra We will restrict this functor A → BigW itt n (A) to variable k-algebras A. In this way, BigW itt n becomes a commutative unipotent groupscheme over k. The Lang torsor construction 1 − F rob k : BigW itt n → BigW itt n defines a finiteétale cover of BigW itt n by itself, with structural group BigW itt(k). Given a character Λ of BigW itt n (k), the pushout of this torsor by Λ gives the lisse, rank one Artin-Schrier-Witt sheaf L Λ on BigW itt.
We have a morphism of k-schemes
The pullback of L Λ by this morphism is, by definition, the lisse, rank one sheaf L Λ(1−tX) on the affine t-line. A character Λ of BigW itt n (k) is called primitive, or maximally ramified, if it is nontrivial on the subgroup 1 + kX n . The Swan conductor Swan(Λ) of Λ is the largest integer d ≤ n such that Λ is nontrivial on the subgroup 1 + kX d . [Thus only the trivial character has conductor 0, and the primitive characters are precisely those of Swan conductor n.] Let us admit for the moment the following compatibility between the Swan conductor of Λ and the Swan conductor at ∞ of the lisse, rank one sheaf L Λ(1−tX) on the affine t-line. Lemma 1.1. We have the equality Swan(Λ) = Swan ∞ (L Λ(1−tX) ).
Given an even character Λ of B × , i.e., a character Λ of BigW itt n (k), we can form an L-function on G m /k as follows. Given an irreducible monic polynomial P (t) ∈ k[t] with P (0) = 0, the irreducible polynomial P (t)/P (0) has constant term 1, so P (X)/P (0) mod X n+1 lies in BigW itt n (k), and we define Λ(P ) := Λ(P (X)/P (0) mod X n+1 ).
We then define L(G m /k, Λ)(T ) := irred. monic P, P (0) =0
(1 − Λ(P )T deg(P ) ) −1 .
It is routine that this L-function has a cohomological interpretation:
This second expression, with coefficient sheaf which is lisse at 0, leads us to consider the "completed" L-function
. One knows that so long as Λ is nontrivial, this completed L-function is a polynomial in T of degree Swan(Λ) − 1, which is "pure of weight one". In other words, it is of the form
(1 − β i T ) with each β i an algebraic integer all of whose complex absolute values are √ q.
For Λ primitive, we define a conjugacy class θ k,Λ in the unitary group U (n − 1) in terms of its reversed characteristic polynomial by the formula det(1 − T θ k,Λ ) = L(A 1 /k, L Λ(1−tX) )(T / √ q).
Our goal is to prove the following equidistribution theorem, which is used by Keating and Rudnick in the proof of their Theorem 2.1 in [K-R] , cf. [K-R, (4.29)-(4.31)]. Denote by P U (n − 1) the projective unitary group, i.e. the quotient of U (n − 1) by the group S 1 of unitary scalars. Endow this group with its total mass one Haar measure, and then endow its space of conjugacy classes with the direct image of this measure. Theorem 1.2. Fix an integer n ≥ 4. In any sequence of finite fields k i (of possibly varying characteristics) whose cardinalities q i are archimedeanly increasing to ∞, the collections of conjugacy classes
# . We have the same result for n = 3 if we require that no k i have characteristic 2 or 5.
Remark 1.3. The conjugacy classes {θ k i ,Λ } begin life in the unitary group U (n−1), but it is only their projections to the projective unitary group P U (n − 1) which are equidistributed. As we will see in sections 4 and 5, in each characteristic p, these conjugacy classes arise as the Frobenius conjugacy classes of a lisse sheaf of rank n − 1, pure of weight zero, on a smooth, geometrically connected F p -scheme (the sheaf L univ (1/2) on the space P rim n /F p ). Intrinsically, the classes {θ k i ,Λ } will live in a compact form of the algebraic group G arith attached to this situation. We have a priori inclusions
and we will prove (Theorem 5.1) that G geom contains SL(n − 1). So we have inclusions
However, in Remark 8.3 we will explain that we have an a priori inclusion
for p r the largest power of p with p r ≤ n. In particular, the classes {θ k i ,Λ } are not equidistributed as classes in U (n − 1), already their determinants fail to be equidistributed in the unit circle.
Review of the relation of BigW itt to p-Witt vectors
In this section, we recall some basic facts, which are well known to the experts. See [Hes] for a brief treatment, or [Haz] for an exhaustive one. We fix a prime number p, and work over the ring
is the local ring of Z at its prime ideal pZ; its completion is the ring Z p of p-adic integers.] Concretely, a Z (p) -algebra A is simply a ring in which all primes other than p are invertible. The Artin-Hasse exponential 1 is the formal series, a priori in 1 + XQ [[X] ], defined by
The "miracle" is that in fact AH(X) has p-integral coefficients, i.e., it
Over any ring R, any element of BigW itt(R) = 1 + XR [[X] ] has a unique expression as an infinite product n≥1 (1−r n X n ) with elements r n ∈ R. Over a Z (p) -algebra A, any element of BigW itt(A) has a unique expression as an infinite product n≥1 AH(a n X n ) with elements a n ∈ A. We now rewrite this expression. Factor each integer n ≥ 1 as n = mp a with m prime to p, and a ≥ 0. Because raising to the m'th power is bijective on BigW itt(A), we may write any element of BigW itt(A) uniquesly as an infinite product m≥1 prime to p, a≥0
On the other hand, having fixed the prime p, we have, for each Z (p) -algebra A, the abelian group W (A), of all sequences (a 0 , a 1 , ...) of elements of A indexed by nonnegative integers, with addition defined by the Witt polynomials. The key point for us is that the map
is a group homomorphism. In view of the above factorization of elements of BigW itt(A), we find a (huge) isomorphism
given by attaching to an element m≥1 prime to p, a≥0 
This is just the usual series expansion of log(1−T X) = − n≥1 (T X) n /n, with n factored as mp a .
Recall that for each integer n ≥ 1 we have the truncated Witt vectors W n (A), whose elements are n-tuples (a 0 , ..., a n−1 ) of elements of A, with addition given by the Witt polynomials. Alternatively, the elements of W (A) whose first n components vanish form a subgroup 2 , and the quotient of W (A) by this subgroup is W n (A). Truncating the isomorphism
with (m, n) the integer defined by (m, n) = 1 + the largest integer k such that mp k ≤ n.
The "reduction mod X n+1 " of the previous lemma gives 2 Indeed, this is the subgroup consisting of those elements which, under the ho-
Lemma 2.2. For any Z (p) -algebra A, and any element a ∈ A, under the above isomorphism
the element 1 − aX ∈ BigW itt n (A) maps to the element in m≥1 prime to p, m≤n
Before proceeding, we need to recall that W r (A) carries a ring structure. The main things we will need to know are that for this ring structure, we have the multiplication formulas We also recall that in Witt vector addition, "disjoint" Witt vectors add naively, i.e., When A is the prime field F p , we have a ring isomorphism
Calculation of conductors
We now recall a result of Brylinski [Bry, Cor. of Thm.1] . We view W r as a connected unipotent groupscheme over our finite field k. One knows that the trace pairing
If we fix a faithful character
then every character of W r (k) is of the form
for a unique element a ∈ W r (k). Let us denote this character ψ r,a :
Attached to the character ψ r,a of W r (k) we have the Artin-Schreier-Witt sheaf L ψr,a = L ψr(aw) on W r . Given an integer m ≥ 1 prime to p, we have the morphism of k-schemes
It is a lisse rank one sheaf on A 1 .
, and for such an a, the Swan conductor of L ψr(a(t m ,0 s)) is given by
Proof. The sheaf L ψr(a(t m ,0 s)) is the pullback by the m'th power mapping of A 1 to itself, so by the known behavior of Swan conductors under tame pullback (remember m is prime to p), it suffices to treat the case m = 1.
We have the multiplication formula
Using Artin-Schreier equivalence, we have
Thus for a = (a 0 , a 1 , ..., a r−1 ), a(t, 0 s) is Artin-Schreier equivalent to the Witt vector (b 0 t, b 1 t, ..., b r−1 t)
× , then we are reduced to the same statement, but now for
Thus a character Λ of BigW itt n (k), under the isomorphism
becomes a character of m≥1 prime to p, m≤n W (m,n) (k), where it is of the form
The lisse sheaf L Λ(1−tu) on A 1 /k thus becomes the tensor product
Lemma 3.2. Write n = n 0 p r−1 with n 0 prime to p and r ≥ 1. Then we have the following results.
(
Proof. To prove the first assertion, we argue as follows. For each m ≤ n, write m = m 0 p km−1 with m 0 prime to p and k m ≥ 1. By the previous lemma, the tensor factor
Such a tensor product has Swan ∞ = n if and only if the first factor L ψ (m 0 ,n) (a(mo)(t m 0 ,0 s)) has Swan ∞ = n, and by the previous lemma, this happens if and only if a(n 0 ) 0 ∈ k × . To prove the second assertion, observe that in the isomorphism
the subgroup 1 + kX n of BigW itt n (k) maps to the subgroup (0 s, k) of the factor W (n 0 ,n) (k). The character Λ is primitive, i.e., nontrivial on the subgroup 1+kX n , if and only if the character ψ r,a(m 0 ) of W (n 0 ,n) (k) is nontrivial on the subgroup (0 s, k) of the factor W (n 0 ,n) (k). By the multiplication formula for Witt vectors, we have (a 0 , ..., a r−1 )(0 s, t) = (0 s, a 
The universal family
We continue with n ≥ 2 written as n = n 0 p r−1 with n 0 prime to p and r ≥ 1. As explained in the last section, the sheaves L Λ(1−tu) with Λ primitive are exactly the sheaves 
We now apply cohomological techniques. Pick a prime number = p and an embedding of Q(µ p ∞ ) into Q . Extending scalars from Q(µ p ∞ ) to Q , our sheaf L univ on A 1 × k P rim n becomes a lisse Q -sheaf on that space. Denoting by
the projection onto the second factor, we form the sheaf
on P rim n .
Lemma 4.1. The sheaf L univ on P rim n is lisse of rank n − 1 and pure of weight one. For i = 1, the sheaf R i (pr 2 ) ! (L univ ) vanishes. For E/k a finite extension, and ((a(m)) m ∈ P rim n (E), with Λ ((a(m))m the corresponding character of BigW itt n (E), we have
Proof. On each geometric fibre of A 1 × k P rim n over P rim n , L univ is lisse of rank one, pure of weight zero, and has Swan ∞ = n. So fibre by fibre, the only possibly nonvanishing H i c is H 1 c , and that has constant rank n−1. By Deligne's semicontinuity theorem [Lau-SCCS, 2.1.2], the sheaf L univ is lisse. By proper base change, the R i (pr 2 ) ! (L univ ) vanish for i = 1, and the stalks of L univ are as asserted. That the lisse sheaf L univ is pure of weight one is checked fibre by fibre, where it goes back to Weil, cf. [Weil, page 82] .
The monodromy of the universal family: the target theorem
We will show that, with two exceptions (namely p = 2, 5 and n = 3), the geometric monodromy group G geom of the lisse sheaf L univ on P rim n contains SL(n − 1). The case n = 2 has no content, any subgroup of GL(1) contains SL(1).
Theorem 5.1. Let p be a prime, and n ≥ 3. Then G geom contains SL(n − 1) except in the cases (p = 5, n = 3) and (p = 2, n = 3). In the case (p = 5, n = 3), G geom is finite.
Remark 5.2. We suspect that G geom is also finite in the (p = 2, n = 3) case, but cannot prove it at present. By 1.3 .9 and 3.4.1 (iii)], and the fact that L univ is lisse of rank two and pure of weight one, G geom is a (not necessarily connected) semisimple subgroup of GL(2). So either G 0 geom = SL(2) or G geom is finite. In the first case, the image of G geom , acting by conjugation on traceless 2 × 2 matrices, is the entire group SO(3), while in the second case it is a finite subgroup of SO(3). We need "only" decide which of these two alternatives holds. If we are in the second case, we could show it as follows. We would compute empirically (as in the proof of Lemma 6.4 below), over large extensions of F 2 , the moments for the lisse rank three sheaf Ad(L univ ) which "is" this three dimensional representation. If one of these "empirical" moments is provably (using explicit bounds for error terms) larger than the corresponding "empirical" moment we would have gotten if we had been in the first case, then we must be in the second case. [Even without knowing explicit bounds for error terms, we might still be convinced that we are in the second case if one of the empirically computed moments is too large.] 6. Preliminaries for the proof of the target theorem
is said to be ArtinSchreier reduced if a i = 0 for each index i such that p|i.
Lemma 6.1. Given n ≥ 2, a nontrivial additive character ψ of k, and an Artin-Schreier reduced polynomial
Proof. For each m ≤ n which is prime to p, BigW itt n has a factor W (m,n) in which 1 − tX projects to (t m , 0 s), and this in turn projects onto a factor W 1 in which 1 − tX projects onto t m . Thus BigW itt n has a quotient m≤n prime to p W 1 , and the image of 1 − tX in this quotient is the tuple (x m ) m . The character of m≤n prime to p W 1 (k) given by
is the desired Λ f .
Proof. Replace f by the Artin-Schreier reduced polynomial f red to which it is Artin-Schreier equivalent. Then the sheaves L ψ(f (t)) and L ψ(f red (t)) on A 1 /k are isomorphic, and we apply the previous lemma. Concretely, we take Λ f to be the Λ f red of the previous lemma.
Remark 6.3. If p > n, then BigW itt n is just the n-fold self product of W 1 's, and so the sheaves
[Of course one does not need the general decomposition of BigW itt n as a product of W r 's to see this. One can simply use the truncated logarithm log n (1 − Z) := − n j=1 Z n /n mod T n+1 to provide a group isomorphism from BigW itt n to the additive group of polynomials in one variable X of degree at most n with vanishing constant term. Using this isomorphism, 1−tX maps to the polynomial whose coefficients are (−t, t 2 /2, ..., −t n /n).]
We next recall the simplest case of the calculation of moments, cf. [Ka-LFM, Interlude: The Idea Behind the Calculation, page 115]. Recall that for V a finite dimensional Q -vector space of dimension dim(V ) ≥ 1, G ⊂ GL(V ) a Zariski closed reductive subgroup, and 2d ≥ 2 an even integer, we define the 2d'th moment M 2d (G, V ) to be the dimension of the space of G-invariants (or of G-coinvariants, given that G is reductive) in V ⊗d ⊗ (V dual ) ⊗d . When we are given a lisse sheaf F which is pure of some weight on a smooth, geometrically connected scheme X/k , then by Deligne 3.4 .1(iii) and 1.3.9], F as a representation of π geom 1 (X, η) is completely reducible, and G geom := the Zariski closure of π geom 1 (X, η) in GL(F η ) is semisimple (i.e., G 0 geom is a connected semisimple algebraic group over Q ). So we may speak of the moments M 2d (G geom , F η ), which we will denote simply
Lemma 6.4. Let L be a lisse, rank one Q -sheaf on A 1 /k which is pure of weight zero, with Swan ∞ (L) = n ≥ 2. Given an integer d with 1 ≤ d < n, form its "naive degree
Then we have the following results.
(1) The sheaf N F T d (L) is lisse of rank n − 1 and pure of weight one on A d /k, and the 
, where we have written G for the complex conjugate G dual (−1) of G. The sheaf G is pure of weight one, so G ⊗d ⊗ G ⊗d is pure of weight 2d, and so the group H 2d c is pure of weight 4d. The groups H i c with i < 2d are of lower weight, so we recover
the last equality by the Lefschetz trace formula.
If we write
then expanding the d'th powers by writing each factor d times, this inner summand is
If we now sum over all f (t) := 
For each of the (#E)(#E − 1). Theorem 6.5. Let V be a finite dimensional Q -vector space of dimension dim(V ) ≥ 1, G ⊂ GL(V ) a Zariski closed reductive subgroup. Then we have the following results.
Using the truth of Larsen's Eighth Moment Conjecture, we get the following lemma.
Corollary 6.6. Let L be a lisse, rank one Q -sheaf on A 1 /k which is pure of weight zero, with Swan ∞ (L) = n ≥ 2. If p ≥ 5 and n ≥ 6, then G geom for N F T 4 (L) contains SL(n − 1). Using Larsen's Alternative, we get the following lemma.
Corollary 6.7. Let L be a lisse, rank one Q -sheaf on A 1 /k which is pure of weight zero, with Swan ∞ (L) = n ≥ 3. If p ≥ 3 and n ≥ 3, then G geom for N F T 2 (L) is either finite or contains SL(n − 1).
What about the case p = 2? Here we must use N F T 3 to get information about the fourth moment.
Lemma 6.8. Let k be a finite field of characteristic p = 2, and L a lisse, rank one Q -sheaf on A 1 /k which is pure of weight zero, with Swan ∞ (L) = n ≥ 4. Suppose that the function on A 1 (k) given by t → (TraceF rob k,t |L) 2 = TraceF rob k,t |L ⊗2 is not constant. Then N F T 3 (L) has fourth moment M 4 = 2, and consequently G geom for N F T 2 (L) is either finite or contains SL(n − 1).
Proof. As explained in [Ka-LFM, pp. 118-119], we will get M 4 = 2 provided that the input L is not geometrically self dual. If L were geometrically self dual, its autoduality would be orthogonal, since L is geometrically irreducible of odd rank (namely 1). But the orthogonal group O(1) is ±1, so L ⊗2 would be geometrically constant, i.e., of the form α deg for some α ∈ Q × . In particular, its trace function would be constant on A 1 (k).
Proof of the target theorem
Let us recall its statement.
Theorem 7.1. (restatement of Thm. 5.1) Let p be a prime, and n ≥ 3. Then G geom contains SL(n − 1) except in the cases (p = 5, n = 3) and (p = 2, n = 3). In the case (p = 5, n = 3), G geom is finite.
Proof. Suppose first that p ≥ 5, and n ≥ 6. Choose a primitive character Λ of BigW itt(F p ). Then L := L Λ((1−tu) has Swan ∞ = n. Because n > 4 and p > 4, we can form N F T 4 (L), which has M 8 = 4!. From Theorem 6.5, part (1), we get that its G geom contains SL(n − 1). But this N F T 4 (L) on its A 4 is a pullback of L univ to P rim n . [The point is that for f (t) ∈ k[t] a polynomial of degree at most 4, and Λ a primitive character, the sheaf
is of the form L Λ 1 (1−tu) for the primitive character Λ 1 := ΛΛ f of BigW itt n (k). This construction f → ΛΛ f gives an embedding of A 4 into P rim n such that the pullback of L univ is N F T 4 (L).] Since G geom can only decrease under pullback, we conclude that G geom for L univ must contain SL(n − 1).
If p ≥ 7, we treat the cases 3 ≤ n ≤ 6 as follows. In these n < p cases, the primitive Λ's give rise exactly to the sheaves L ψ(f (t)) with f (t) a varying polynomial, with zero constant term, of the imposed degree n. In this case, we are dealing with the one-variable case of the universal family of "Deligne polynomials", albeit with vanishing constant term, and the result here is 3.8.2, 3(a) ]. [In the reference cited, the Deligne polynomials are allowed constant terms a 0 , but the effect of this on the output sheaf on the space of coefficients is to tensor with the rank one sheaf L ψ(a 0 ) , an operation which does not change the question of whether or not G geom contains SL(n − 1).]
For p = 5, we deal with the case n = 4 the same way, now appealing to 3.8.2, 3(c) ]. Still with p = 5, we attack the case n = 3 the same way, but now the fact [Ka-MMP, 3.8.4, part 3)] that all curves y 5 − y = f 3 (x) with f 3 a cubic are supersingular in characteristic 5 shows that we have a finite G geom in this (p = 5, n = 3) case.
We still need to treat the case p = n = 5, and we need to treat all cases n ≥ 3 with p = 3. We also need to treat the case p = 2, all n ≥ 4.
For p ≥ 3 and n ≥ 3, we can perform a similar pullback argument with N F T 2 , whose M 4 will be 2. But here the conclusion will only be that whenever we pull back L univ to certain A 2 's, the pullback has a G geom which is either finite or contains SL(n − 1). To get around this difficulty, we will show that, both for p = 5 and n = 5, and for p = 3 and any n ≥ 3, we can choose a particular primitive character Λ of BigW itt(F p ) whose associated L := L Λ(1−tu) has an N F T 2 (L) which is not finite (and hence must contain SL(n−1), by Larsen's Alternative).
We will do this by making use of the diophantine criterion [Ka-ESDE, 8.14.3] for the finiteness of G geom , applied to an N F T 2 (L) sheaf on A 2 with coordinates (a 1 , a 2 ). This sheaf is geometrically irreducible, because its restriction to the line a 2 = 0 it is geometrically irreducible, being the N F T 1 (L), the usual Fourier transform of the geometrically irreducible input L. Its determinant det(N F T 2 (L)) is lisse of rank one and pure of weight n − 1 (simply because N F T 2 (L) is pure of weight one and lisse of rank n − 1). According to 8.14.3] , if G geom for N F T 2 (L) is finite, then for any finite extension E/F p and for any point f ∈ A 2 (E), some power of F rob E,f |N F T 2 (L) is a scalar. In particular, taking E = F p and f the origin, some power of
is a scalar. That scalar must then be of the form (a root of unity) × (an n − 1 th root of det(
Choose a nontrivial additive character ψ of F p , and denote by g(ψ, χ 2 ) the quadratic gauss sum. We claim that
To see this, notice that the L-function of L as a polynomial has coefficients in the cyclotomic integer ring Z[ζ p t ], for p t the order of Λ. So the determinant, being ± the leading coefficient of the L-function, lies in this ring. By Weil, all of its complex absolute values are p (n−1)/2 . But in the cyclotomic field Q[ζ p t ], there is only one place over the prime p. So for any integer d ≥ 0, the only elements α ∈ Z[ζ p t ] all of whose complex absolute values are p d/2 are of the form (a root of unity in
, is integral outside of (the unique place lying over) p, and has absolute value 1 at all places. By the product formula, this ratio is a unit at p as well, so is a root of unity.]
So what we find is that if
is of the form (a root of unity)g(ψ, χ 2 ). In particular, (minus) the sum of these eigenvalues, namely
is an algebraic integer (in fact an element of Z[ζ p t ]) divisible (as an algebraic integer, or equivalently as an element of Z[ζ p t ]) by g(ψ, χ 2 ). Let us denote by ord p the p-adic valuation of Qζ p t ] normalized by ord p (p) = 1. Then ord p (g(ψ, χ 2 )) = 1/2 (since g(ψ, χ 2 ) 2 = ±p). So the upshot is that if we produce a primitive character Λ of BigW itt(F p ) for which the sum t∈Fp Λ(1 − tX) has ord p < 1/2, then N F T 2 (L) does not have finite G geom .
We first treat the cases p = 3 for all n ≥ 3, and the case p = 5 = n. These are both covered by the following lemma.
Lemma 7.2. Suppose n ≥ p. Then there exist primitive characters Λ of BigW itt n (F p ) for which the sum t∈Fp Λ(1 − tX) has ord p ≤ 1/p.
Proof. We first treat the case when n is divisible by p, say n = mp r with m ≥ 1 prime to p and r ≥ 1. Then
r+1 is a quotient of BigW itt n (F p ) The image of 1 − tX in this quotient is the Witt vector (t m , 0, ..., 0), which is the reduction mod p r+1 of the Teichmuller
Composing with the projection of BigW itt n (F p ) onto W r+1 (F p ), it becomes a primitive character Λ of BigW itt n (F p ), for which we have the formula
. So the sum in question may be written
We now expand each summand by the binomial theorem. Our sum
Work now in the ring Z[ζ p t ]/(π p p r+1 ). In this quotient, our sum becomes
The coefficients Binom(T eich(t m ), i) only matter mod p, and as i < p their value mod p depends only on t m mod p. So in this quotient ring our sum is
Because m ≥ 1 and i ≥ 1, these sums vanish for t = 0. Expand the binomial coefficient Binom(t m , i) as a polynomial in t m ,
For an integer j ≥ 1, we have t∈F
The conclusion is that our character sum
This concludes the proof in the case when n is divisible by p.
We now treat the case when n ≥ p ≥ 3 but n is prime to p. Because n ≥ p, the highest power of p which is ≤ n is pr for some r ≥ 1. In this case, BigW itt n (F p ) has both W 1 (F p ) as a quotient, where 1 − tX maps to t n ∈ F p = W 1 (F p ), and a quotient W r+1 (F p ), where 1 − tX maps to (t, 0, ..., 0). Take both a nontrivial additive character ψ of F p , and a faithful character of Z/p r+1 . The first gives a primitive character whose value on 1 − tX, t ∈ F p , is ψ(t), and the second gives a nonprimitive character whose value on 1 − tX, t ∈ F p is ζ
. The product of these two characters is a primitive character, whose value
. Because r ≥ 1,while ψ has values in 1 + (π p ), the values of ψ are 1 in the quotient ring Z[ζ p t ]/(π p p r+1 ). So in that quotient ring, we are dealing with the sum we treated in the case n = p r , and hence our sum has ord p = 1/p r .
Here is the variant we need for the case p = 2 (taking r = 2 then).
Lemma 7.3. Suppose r ≥ 1 and n ≥ p r . Then there exist primitive characters Λ of BigW itt n (F p ) for which the sum t∈Fp Λ(1 − tX) has ord p ≤ 1/p r .
Proof. If p r |n, proceed as in the p|n case of the previous lemma. If not, proceed as in the second case.
Corollary 7.4. Suppose p = 2, r = 2, and n ≥ 4. For any primitive character Λ of BigW itt n (F 2 ) for which the sum t∈Fp Λ(1 − tX) has ord p ≤ 1/p r = 1/4, the associated lisse rank one sheaf L := L Λ(1−tX) is not geometrically self dual, and its N F T 3 (L) has G geom containing SL(n − 1).
Proof. At t = 0, we have Λ(1 − tX) = Λ(1) = 1. If Λ(1 − X) were ±1, the sum t∈Fp Λ(1 − tX) would be either 2 or 0, neither of which has ord 2 ≤ 1/4. Lemma 6.8 then tells us that its N F T 3 (L) has M 4 = 2, and the diophantine criterion Putting together these ingredients, we have produced, for any n ≥ 3 and any p, with the exception of the two cases n = 3 and p = 2, 5, an L whose N F T 2 (L) (for odd p), respectively whose N F T 3 (L) (for p = 2) has a G geom containing SL(n − 1). So in all the asserted cases, the G geom for L univ on P rim n has a G geom containing SL(n − 1).
Applying the target theorem to prove Theorem 1.2
Fix a prime p, and an n ≥ 3. If p is 2 or 5, take n ≥ 4. Then we know that L univ on P rim n /F p has its G geom containing SL(n − 1). If we take the Tate-twisted unitarized sheaf L univ (1/2), whose Frobenii give the conjugacy classes θ k,Λ which are the subject of Theorem 1.2, it has the same G geom , and for it we have a priori inclusions
Consequently, G geom and G arith have the same image in P GL(n − 1). So by Deligne's general equidistribution theorem, cf. 3.5.3] , [Ka-Sar, 9.2.6], we get the following equicharacteristic version of Theorem 1.2. Theorem 8.1. Fix a prime p, and an n ≥ 3. If p is 2 or 5, take n ≥ 4. In any sequence of finite extension fields k i of F p whose cardinalities q i are archimedeanly increasing to ∞, the collections of conjugacy classes
Let us briefly recall how the proof goes. For a fixed irreducible nontrivial representation Ξ of P U (n − 1), one shows that the divided Weyl sums
tend to 0 as #k i grows, by showing that this sum is bounded in absolute value by
for Ξ(L univ ) the lisse sheaf on P rim n /F p formed by "pushing out" L univ along the the representation Ξ, now viewed as a representation of P GL(n − 1).
At present, we do not know uniform bounds for these sums of Betti numbers C(p, n, Ξ) as p varies (n and Ξ fixed). But we can bypass this problem, if we can, by other means, show that for fixed n and p > 2n−1, we have a bound of the form D(n, Ξ)/ √ #k i with a constant D(n, Ξ) which is independent of p. Then we use this constant for p > 2n−1, and we use the constant C(p, n, Ξ) for the finitely many primes p ≤ 2n − 1. We will show that in fact we can take D(n, Ξ) := 3 dim(Ξ)/(n − 1). This will then prove Theorem 1.2. Theorem 8.2. Suppose n ≥ 3 and p > 2n−1. Then for any irreducible nontrivial representation Ξ of P U (n − 1), and any finite field k of characteristic p, we have the estimate
Proof. There are three key points here. The first is that, because p > n, the sheaves L Λ(1−tu) attached to primitive characters Λ of BigW itt n (k) are just the Artin-Shreier sheaves L ψ(f (t)) for f (t) ∈ k[t] a variable polynomial of degree n with vanishing constant term, cf. Remark 6.3. The second is that N F T 1 (L ψ(f (t)) ) is lisse of rank n − 1 and all its ∞-slopes are n/(n − 1). The third concerns the group G geom for N F T 1 (L ψ(f (t)) ). If either n = 3, or if n is even, then G geom contains SL(n − 1). For n ≥ 5 and odd, the situation is a bit more complicated. Unless there is some constant c ∈ k such that f (t + c) − f (c) is an odd funtion of t, G geom contains SL(n − 1), cf. Thm. 17] . [In the theorem cited, the condition "p > 2n + 1" there should read p > 2(n − 1) + 1, as it is n − 1 which is the rank of the sheaf in question, and one is applying Thm. 9] .] Suppose first that n = 3 or n is even. Then for any irreducible nontrivial representation Ξ of P U (n − 1), and any polynomial f (t) ∈ k[t] of degree n with vanishing constant term, with Λ f (t) the corresponding primitive character, N F T 1 (L ψ(f (t)) ) has G geom containing SL(n − 1), hence we have the estimate
The other h i c vanish, so the h 1 c is the absolute value of the Euler characteristic of A 1 ⊗ k k with coefficients in Ξ(N F T 1 (L ψ(f (t)) ). But (minus) this Euler characteristic is
The largest ∞-slope of Ξ(N F T 1 (L ψ(f (t)) ) is at most the largest ∞-slope of L ψ(f (t)) , which is n/(n − 1). So we get the estimate Trace(Ξ(Λ f (t)+a 1 t )| ≤ #A 1 (k)(dim(Ξ)/(n − 1))/ #k.
Breaking the f (t)'s into equivalence classes "agreeing except for the linear term" and summing this estimate for the N F T 1 (L ψ(f (t)) ) of a representative of each equivalence class, we get the asserted estimate (without needing the factor 3 in this case). Suppose now that n is odd and n ≥ 5. In this case, over k = F q we can repeat the above argument for all thef (t) of degree n, of which there are q n−1 (q − 1), except for those of the form f odd (t + c) − f odd (c) for some odd polynomial f odd (t) of degree n, the "bad" f 's. There are (q − 1)q (n−1)/2 possible f odd , so at most (q − 1)q (n+1)/2 bad f 's. The set of bad f 's (and hence also the set of good ones) are stable by f (t) → f (t) + at. So we repeat the argument for the good f 's to get | Λ f ∈P rimn(k),f good Trace(Ξ(θ k,Λ f ))| ≤ dim(Ξ)#P rim n,good (k) (n − 1) √ #k .
